LIQUIDITY CONTRACTIONS, INCOMPLETE FINANCIAL PARTICIPATION
AND THE PREVALENCE OF NEGATIVE EQUITY NON-RECOURSE LOANS
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ABSTRACT. We address a dynamic general equilibrium model where securities are backed by
collateralized loans, and borrowers face endogenous liquidity contractions and financial participa-
tion constraints. Although the only payment enforcement is the seizure of collateral guarantees,
restrictions on credit access make individually optimal payment strategies—coupon payment, pre-
payment, and default—sensitive to idiosyncratic factors. In particular, the lack of liquidity and
the presence of financial participation constraints rationalize the prevalence of negative equity
loans. We prove equilibrium existence, characterize optimal payment strategies, and provide a

numerical example illustrating our main results.
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1. INTRODUCTION

The recent financial crisis 2007-2009 was preceded by an intense rise in the volume of securitized
debt (see Figure I). This process and the complexity of securitization operations fostered the origina-
tion of subprime mortgages, increasing the fragility of the financial system. Indeed, the fall of house
prices in 2006 reduced home equity and increased delinquency rates (shown in Figure II), starting
the financial crisis. The devastating economic effects of these events emphasize the relevance of
understanding investors’ optimal strategies in asset-backed security markets.

This paper presents a general equilibrium model which captures the three most relevant risk
factors underlying asset-backed security markets: credit risk, prepayment risk, and interest rate
risk. Despite their importance, these risks have been partially incorporated in general equilibrium
models, making it difficult to understand the interdependence of optimal decisions and asset prices
in securitized debt markets. Additionally, in our model the presence of restrictions to credit access
makes individually optimal payment strategies (i.e., coupon payment, prepayment, and default)
sensitive to idiosyncratic factors. This property seems to be crucial in a theoretical analysis of

collateralized asset markets. As emphasized by Deng, Quigley and Van Order (2000), idiosyncratic
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components are essential to estimate default and prepayment risks. Moreover, liquidity contractions
and financial participation constraints have also been considered as fundamental ingredients to re-
produce some empirical asset pricing moments (see Guvenen (2009)), and to analyze the impact of

the FED’s Large Scale Asset Purchases (LSAP) (see Chen, Curdia and Ferrero (2011) and Gertler

and Karadi (2012)).
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Figure I: Total Securitized Debt over GPD in the Unites States.

Source: Flow of Funds account of the United States (Tables 1..122-124).1
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2MORTGAGE: Mortgage loans. HELOC: Home Equity Lines of Credit. AUTO: Auto loans. CC: Credit Card

Loans. OTHER: Consumer finance and retail loans.



Li1QuiDITY CONTRACTIONS AND INCOMPLETE FINANCIAL PARTICIPATION ON COLLATERALIZED ASSET MARKETS 3

We consider a general equilibrium model with non-recourse collateralized loans, prepayment risk,
liquidity contractions and incomplete financial participation. In particular, Geanakoplos and Zame
(1997, 2002, 2007) general equilibrium model of collateralized debt is extended to a three-period
setting with long-lived securities.®> We show that, in contrast to the previous literature on incom-
plete financial participation, equilibrium exists without requiring financial survival assumptions or
impatience conditions on preferences (cf. Aouani and Cornet (2011), Cornet and Gopalan (2010),
Seghir and Torres-Martinez (2011)).

In our model, credit contracts are collateralized by durable goods, and the only payment enforce-
ment is the seizure of these guarantees.* Each credit contract is characterized by its emission node,
coupon payments, prepayment rule, and collateral requirements. After the emission of a credit line,
borrowers have the possibility to pay the coupon or close short positions by either delivering the col-
lateral or prepaying. Furthermore, the set of available credit instruments varies exogenously across
states and depends on agents’ identity, while the set of available investment opportunities varies
endogenously as a consequence of individual default and prepayment decisions. Hence, financial
markets could become more incomplete as a consequence of individually optimal actions.

Interest rate risk is captured by price-dependent coupon payments. Both coupon payments and
prepayment rules are just required to be continuous functions of prices and hence, a wide vari-
ety of specifications are possible. We show that our model could incorporate debt contracts with
exogenously specified interest rates, and forward and backward looking prepayment rules. Further-
more, liquidity contractions and exogenous financial participation constraints allow for differentiated
optimal payment schemes across agents and, therefore, credit risk depends on idiosyncratic charac-
teristics. That is, in our model the possible lack of liquidity or the existence of exogenous financial
participation constraints could make debtors more willing to pay coupons. For instance, borrowers
may decide to honor coupons associated with negative equity mortgages—debts with a lower col-

lateral value than the associated prepayment cost. This behavior cannot be rationalized in a model

3The model of Geanakoplos and Zame (1997, 2002, 2007) has previously been extended by Araujo, Pdscoa and
Torres-Martinez (2005, 2011) to an infinite-horizon economy with long-lived securities and sequential trading. The
authors show that exogenous debt limits or transversality conditions are not needed to prove equilibrium existence (cf.,
Magill and Quinzii (1994, 1996), Herndndez and Santos (1996), Levine and Zame (1996), Araujo, Pdscoa and Torres-
Martinez (2002), Kubler and Schmedders (2003)). A major divergence of our model with respect to Araujo, Pascoa
and Torres-Martinez (2005, 2011) is the incorporation of liquidity contractions and incomplete financial participation,

which are crucial frictions to capture heterogeneous optimal payment strategies.

4Different payment enforcement mechanisms have been considered in the literature of general equilibrium address-
ing credit risk. The effect of utility penalties on payment behavior has been analyzed by Dubey, Geanakoplos and
Shubik (1989, 2005), and Zame (1993); participation constraints have been considered by Kehoe and Levine (1993),
Kocherlakota (1996), and Alvarez and Jermann (2000); bankruptcy mechanisms have been considered by Araujo and
Péscoa (2002), Sabarwal (2003), and Poblete-Cazenave and Torres-Martinez (2012).
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without credit tightening—as in Araujo, Pdscoa and Torres-Martinez (2005, 2011)—since borrowers
optimally decide to default on negative equity loans.

The prevalence of negative equity non-recourse loans is an empirically observed pattern in a
significant portion of mortgage loans in the United States. Indeed, most borrowers with negative
equity mortgages (84.8% at the end of the first quarter in 2012) are honoring their commitments.
In the second quarter of 2012 over 22% (around 10.8 million) of mortgage loans were in negative
equity,® a figure that hovers around 23% since the third quarter of 2009. Additionally, although
there are significant differences in the share of negative equity loans across states, it is particularly
relevant that in some non-recourse states, as Arizona and California, the share of mortgage loans in

negative equity is substantially above the aggregate mean (see Figure III below).
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Figure III: Percentage of Mortgages in Negative Equity (2012-Q2)

Source: CoreLogic, Www.corelogic.com.7

Our equilibrium analysis of individually optimal payment strategies reveals that, some agents who
are borrowing constrained could optimally decide to continue paying negative equity loans. However,
the existence of more attractive credit opportunities—in terms of downpayment and interest rates—
may trigger agents’ decision to close debts. Hence, agents could optimally decide to maintain
underwater loans as a response to liquidity contractions. These result reveals a novel chanel which
rationalizes the persistence of negative equity non-recourse mortgages in the absence of additional
payment enforcements. Indeed, the existence of a high proportion of negative equity mortgages in

5At:cording to CoreLogic data: http://www.corelogic.com
6The non-recourse states are Alaska, Arizona, California, Connecticut, Idaho, Minnesota, North Carolina, North

Dakota, Oregon, Texas, Utah, and Washington. Note that, even in these states default entails additional costs such
as taxes (Form 1099-A) and a negative credit rating. However, our model identifies a novel channel that rationalizes
the existence of underwater mortgages in the absence of additional enforcement mechanisms.

"Near N egative Equity denotes mortgages with less than 5% of equity.
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the United States coincides with a period of a significant tightening of credit standards (see Figure

Iv).
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Figure I'V: Net Percentage of Domestic Respondents Tightening Standards for Prime Mortgage Loans

Source: Board of Governors of the Federal Reserve System.

We provide a numerical example below illustrating all possible payment strategies in our model:
payment, prepayment, and default. We show that different agents may adopt differentiated optimal
payment decisions and discuss the effect of financial markets liquidity and/or financial participation
constraints on these decisions. In particular, it is shown that underwater mortgages are a possible
equilibrium outcome.

The rest of the paper proceeds as follows: Section 2 sets out the model, notation and equilibrium
definition, Section 3 establishes equilibrium existence, Section 4 characterizes optimal payment
strategies, Section 5 contains a numerical example, and Section 6 provides some concluding remarks.

The proofs of our results are left to an appendix.

2. THE MODEL

Information structure. We consider a dynamic economy £ with three periods. There is uncertainty
about the state of nature that will be realized, which belongs to a finite set S. The common and
symmetric information available at period ¢ € {0, 1,2} is given by a partition of S, denoted by F;.
We assume that there is no information at ¢ = 0, i.e., Fg = {S}. Available information may increase
through time and economic agents are perfectly informed in the last period. That is, (i) Fy41 is at
least as fine as Fy, where ¢t € {0,1}; and (ii) Fo = {{s} : s € S}.

A node is a pair (¢,0), where t € {0,1,2} and o € F;. Let D be the set of nodes in the economy
and & be the unique initial node. We denote by ¢(£) the date associated with & € D, and by D,
the set of nodes dated t. A node p = (t(n),0,) is a successor of & = (¢(£), 0¢), denoted by p > &,
when both ¢(u) > t(£) and 0, C o¢. Let &1 be the set of immediate successor nodes of £ € D.
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Physical markets. At each node in D there is a finite and ordered set of commodities, L, which
are traded in spot markets and may suffer transformations through time. A bundle of commodities
v € Rf_ consumed at £ € D is transformed into a bundle Y,v at each node p € £*, where Y, is a
(L x L)-matrix with non-negative entries. Let p¢ = (pe,; | € L) € R% be the vector of spot prices

at £ € D and p = (pe; £ € D) be the process of commodity prices.

Financial instruments. At each £ € D\ Dy a finite and ordered set J(&) of collateralized credit

©) he the vector of prices of credit contracts

contracts can be issued. Let g¢ = (g¢ ;5 j € J(§)) € Ri
issued at £ € D\ Dy, and define ¢ = (ge; € € D\ D3). Promises associated with j € J(§) are
pooled into a pass-through security that distributes payments made by borrowers of credit contract
j. Without loss of generality, we identify the pass-through security associated with a credit contract
j with the same subindex, and we assume that the price of the pass-through security coincides with
the price of the credit contract at the issue node.

Securities issued in the first period can be renegotiated. Hence, let 7w, = (7, ;; j € J(&)) € R:{_(g”)
be the resale price of securities at i € Dy, and denote by m = (7, ; p € D) the process of pass-

through resell prices. Let P := [[.cp (REN\ {0}) x [een\p, Ri(g) X Rflx“}(&)) be the space of

commodity and financial prices (p, g, 7).5

Financial trading rules. The seller of one unit of credit contract j € J(§) receives at £ an amount
of resources ¢ ;, is burdened to pledge a physical collateral C¢; € R% \ {0}, and promises to
pay a coupon A, ;(p,q,7) at each node p > ¢. It is assumed that borrowers hold and consume
collateral guarantees. Furthermore, each credit line incorporates a prepayment rule, which specifies
the payment needed to reduce the amount of debt before terminal nodes. More precisely, borrowers
of j € J(&) can reduce at £ € Dy their short-positions in one unit by paying an amount of resources
Be j(p, g, ). At the end of this section we discuss the generality of our approach to credit contracts.

At intermediate nodes, heterogeneous payments across agents could be observed as a consequence
of liquidity shrinkages. That is, different borrowers of a credit contract j € J(&y) may adopt different
decisions at £ € Dy: some may pay, while others could prepay or default on their promises.

Since the only enforcement in case of default is the seizure of collateral, at terminal nodes bor-
rowers follow strategic default. Hence, at every u € D5, borrowers of one unit of a credit contract
j € J(&o) pay the minimum between the original promise A4, ;(p,q,7) and the market value of the
collateral guarantee p,C,, j, where C, ; :==Y,Y,-C, ; and pu~ is the immediate predecessor node of
p. Analogously, given £ € D1, borrowers of one unit of j € J(£) pay at each terminal node p € £

the minimum between A, ;(p,q,7) and p,C,, ;, where C, ; := Y,C¢ ;. To shorten notations, let

80ur definition of the space of commodity prices does not allow the vector of commodity prices to be zero at any

node. However, this definition entails no loss of generality as we assume later the strict monotonicity of preferences.
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R, ;(p,q,7) := min{A, ;(p,q,7),p,C,, ;} be the unitary payment of security j € J(u~) U J(&) at
a node p € Ds.

Given & € D\ D,, buyers of one unit of pass-through security j € J(&) pay g, ;, which entitles them
to obtain a payment N, ; at each u > £. Unitary payments are endogenously determined and are
such that, node by node, resources distributed to lenders of security j match borrowers’ deliveries.
Let N := Rf+ be the space of security payments, where DT = {(u,j) : 3¢ € D, (u > E)A(j € J(€))}

is the set of pairs (u,j) such that p is a node where security j could yield deliveries.

Households. There is a finite set of agents, denoted by H. Each agent h € H is characterized by a
utility function U" : REXL — R and a commodity endowment process w" = (w? ;£eD)e ]REXL.

Individuals may face restricted access to credit contracts. Thus, J*(&) C J(&) is the set of credit
contracts issued at £ that agent h € H is able to trade. We assume that, for any £ € D\ Dy and
j € J(&), the set of individuals that can trade debt contract j is non-empty, i.e., H;(§) :={h € H :
je gy #0.

At every £ € D, each h € H chooses an autonomous consumption bundle Jc? € Ri, i.e., con-
sumption in excess of the required collateral. Also, each agent h selects at £ € D\ Dy a debt
portfolio @? = (gogj;j e Jh9)) € Rih(g). For each intermediate node £ € Dy, 30?7’;1 € [0,<p?0)j]
denotes the position on debt contract j € J"(&) that h honors and maintains open. Analogously,
@?”}L € [0, gp?oyj] is the part of agent i debt that is prepaid at & € D;. Thus, agent h defaults on
<ngh = (2, — gag’]h - <p§]h) units of contract j € J"(&) at € € Dy.

Since borrowers consume collateral bundles, the total consumption at & € D is given by

x? + > C§7j¢?)j, when ¢ = &;
jeJn(€)
h(,.h _h  _ahy._ h h a,h
Ce (", ", ™" 1= Tg + > Cg’j(p&j + > Cg,j(p&j , when ¢ € Dy;
JETM(E) JE€JI" (€o)
x’g, when £ € Ds.

The vector 92‘ = (Hg)j;j € J(&)UJ()) € Ri(&)u‘](g) denotes the portfolio of passthrough
securities of agent h € H at node £ € D\ Ds.

Given prices (p,q,m) € P and security payments N = (N¢ ;) jjep+ € N, the objective of each
household h € H is to maximize utility by choosing a plan

(ah, 0", o, o, Py € X = RDXEx [ RJ (6007 I1 Rf@)fow’l(so)XRQN’L(&)
£€D\ D2 ¢eD\ D>

)

which satisfies the following constraints:

h h h Jh h h h .
(BEO) PeoCe, (.73 4 ’(pa ) + g, 950 < PeoWe, + Z 40,5 P¢0,5)
JETM(€0)
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for every intermediate node £ € Dy,

(Be) pﬁcg(xh"ph’wa Z qiﬂe&f’_ Z WEJGE]
JEJ(E) JE€J(&o)

h hh h _ah h h
< pe (wg + Yeed (2", ", 0™")) + E Qe jPe ;T E (e + Nej) Oc, 5
jeJTh(E) J€J(&0)

h h Ay .
> (A@j(pv%ﬂ-)(p?’j + Be j(p, g, )¢l +ngg,j<pg,j),
Jj€JI"(€o)

(Se) SOg,’j = @50,3_905,] _9053 >0, Vje Jh(fO);
and, for every terminal node £ € D,

(Be) psC?(xh,soh,so"’h)Spg(w?+%627(mh,wh,s@“’h))+ > Negbi
JEI(ENLI(E)

It
| Y. Reiamel-;+ D, Reipamel
jean(Er) jETn (€0)

Given (p,q, 7, N) € P x N, the choice set of h € H—denoted by I'*(p, ¢, 7, N)—is the collection
of plans in X" that satisfy budget constraints (Be)¢ep and portfolio restrictions (S¢)ecp, -

DEFINITION. An equilibrium for € is given by prices and unitary payments (p,q, 7, N) € P x N

jointly with allocations (T",0 ,aph M P M) hen € [Ther X" such that,

(i) For each h € H, (fh,ah,ﬁh,ﬁo"h,¢ﬁ’h) € argmaz {U"(z2), = € T"(p,q,7, N)}.

(ii) Asset markets are cleared,

—h N )
Y, = > By Vee D\ Dy, Vje ()
heH heH; ()

—h —h )
> 0., = > 0 YueDiy,Vie (&)
heH heH

(iii) Physical markets are cleared,

S @ = Yol

heH heH
S g ) = 3 (wh 4 Yed (@7, 7™) . ve> g
heH heH

(iv) Security payments are compatible with deliveries,

N&j Z g?mj

S (Aes@l) + BesPl +PCesPLy) . V(EJ) € Dy x J(&);

heH heH; (&)

v —h —a,h .

Ne; Z Oeo.; = Rej(@a,7 Z D V(& 4) € D2 x J(&);
heH heHj;(&o)

N¢j = Re;j(pq,7), V&€ Dy VjieJE).
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Equilibrium existence could easily be proved if security prices and payments were zero at each
node. Indeed, any pure spot commodity market equilibrium is an equilibrium for our financial
economy. However, if credit lines involve non-zero promises and collateral do not fully depreciate
through time, it is natural to expect positive deliveries for traded contracts (cf., Steinert and Torres-
Martinez (2007)). Hence, we focus our attention on the existence of a non-trivial equilibrium, i.e.,

an equilibrium such that, for some £ € D \ Dy, there exists j € J(§) for which (N, ;)u>e # 0.

. -~ —h el
On security payments. Let ((TJ, 7,7 N); (z",0 ,Eh,¢a’h7¢’8’h)heH) be an equilibrium and assume
that credit contract j € J(&) is traded. Then, at each £ € Dy, payment, prepayment, and default

rates are given by

—a,h _B,h .k
> B ) 9"?]' > B
T heH;(o) ) B heH; (o) . L. heH;(&o)
I3 —h ’ &g —h ? &g —h :
2. Py ! > Péog ’ > Py
heH;(éo) heH;(&o) heH;(&o)

Therefore, unitary security payments can be rewritten as a weighted mean of borrowers’ deliveries.
That is, N¢; = 78, 4¢,;(0,7,7) + Téj Be,j(p,q,7) + 7 ; D¢Ce j. Additionally, at every p € £*, we
have N, ; = (1— Tg i 7'2’ j)Ru, ;(P,q, 7). Hence, at terminal nodes, three forces could make security

payments lower than coupon values: previous and current default rates, jointly with prepayment risk.

Rental Markets. Our model implicitly incorporates rental contracts. For instance, suppose that
coupons of a credit contract j € J(§y) are given by A, ;(p,q,7) = p,C,,; at any intermediate node
1 € D1, and are zero at terminal nodes. Then, from the borrower’s perspective, credit contract j is
equivalent to a rental contract on collateral bundle C¢, ; with a rental payment of pg,Cey i — qe.5-

From the lender’s perspective, contract k is a share on a real estate investment trust (REIT).

Positive margins between collateral and credit values. Let ((f?, 3,7, N), (§h7§h,¢h7¢a’h,¢ﬂ’h)h€1{)
be a non-trivial equilibrium. As in Geanakoplos and Zame (1997, 2002, 2007), under strict mono-
tonicity of preferences the following non-arbitrage condition holds: for each £ € D\ Dy and each
j € J(§), the collateral value is greater than the amount of credit, i.e., PeCe,j — e,; > 0. Indeed,
if this condition were not satisfied, agents could take advantage of an unlimited arbitrage oppor-
tunity. They may increase their utility by increasing the short position on contract j issued at &,
buying the associated collateral bundle with the borrowed resources, and defaulting at the successor
nodes p € £T. The existence of this arbitrage opportunity is not consistent with the optimality of

individual plans.
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These positive margins between collateral costs and borrowed resources are crucial to guarantee
equilibrium existence without imposing further assumptions on individuals’ financial participation

(see Section 3 for a detailed discussion).

Coupon specifications. Given prices (p,q,7) € P, for any asset j € J(&) the following coupon

specifications are compatible with our framework:

(i) Credit line with real promises: Coupons are specified as the market value of a commodity
bundle, i.e., A, ;(p,q, ) := pua,, ;, where a, ; € Rf_. In this case, both real and nominal
interest rates depend on commodity prices and, therefore, are endogenously determined in
equilibrium. These contracts have been considered by Geanakoplos and Zame (1997, 2002,
2007) and Araujo, Péscoa and Torres-Martinez (2002, 2005, 2011).7

(ii) Fized rate loan: Defined through a net real interest rate r € (—1,+o00) which specifies a
coupon A, ;(p,q,m) = (d-}}TZ)qEOJ % Yu > &, where d = ui—r), and a bundle a € RE |
determining the price index 2‘—27 which is a measure of purchasing power variation between
nodes ¢ and p € £€+.10

(iii) Adjustable rate loan: Coupons satisfy

pua
A/t,j(pvq77r) = (T/LJFR/L) dso,j 2 ) V,LLEDl,
beoa
_ yuny
Apipoam) = (L+7) (1= kKu-) e, Pe,a Yy € Dy,
0

where k,, € [0,1] is the fraction of the loan face value required to be paid at node p € Ds.
Hence, between nodes p € D and n € u™ the borrower is required to pay a real net interest

rate r, € (—1,400). Since there are no further restrictions on (k,).ecp,, the specification

above implies a variable repayment of the loan face value through time.!!

9n contrast with our model, Geanakoplos and Zame (1997, 2002, 2007) and Araujo, Pdscoa and Torres-Martinez
(2002, 2005, 2011) do not consider financial participation constraints. Furthermore, Araujo, Pdscoa and Torres-
Martinez (2005, 2011) assume that: (i) there are no liquidity contractions (i.e., for any £ € D1, J(&) C J(£)); and
(ii) since credit contracts in J(£p) are re-issued at any intermediate node, prepayment costs are captured through
the market value of future promises (i.e., they implicitly assume that B¢ ;(p,q,7) = A¢ j(p,q, ™) + qe 5, V(§,7) €

D1 x J(go))
10Note that it is also possible to consider an exogenously specified net nominal interest rate i € (—1,+00). It is

: _ 9.4 _ 1
sufficient to define A, ;(p,q,m) = ﬁ, Yu > &o, where e = T

HThe fixed interest loan defined in (i) is a particular case obtained by setting (r,,,%,) = (r, @T%) , Y > &o.
Furthermore, hybrid loans could be defined as in (iii) making interest rates independent of the realization of uncertainty

between some consecutive periods.
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Prepayment risk. Our model captures several types of forward and backward looking prepayment
rules. To illustrate these possibilities, fix prices (p,q,7) € P. Given a debt contract j € J(&)
assume that coupons are specified as in the adjustable-rate loan (iii) above. If at each yu € D; the
prepayment rule is By, ;(p,¢,7) = (1 + r#)q&,’j%7 then the cost of prepaying a debt is equal to
the actualized loan’s face value adjusted by the price index. That is, we have a backward-looking
prepayment rule.

Alternatively, some financial instruments protect lenders from prepayment risk specifying a
forward-looking prepayment cost. In this case, borrowers who want to prepay debt before ter-
minal nodes are required to deliver the present value of promises. To capture this possibility
it is sufficient to specify strictly positive discount factors (p(u);u € D) such that, the prepay-
ment cost Be j(p,q,m) at node § € D is given by either A¢ ;i(p,q,m) + Y p(n)Au;(p,q,m) or

+
Aej(p,g,m) + > p(w)R,;(p, g, 7). In the former case, the prepayment urffle does not take into
account that bgrefgwers may default at terminal nodes and, therefore, induces relatively more costly
prepayments compared with the latter. Discount factors could be exogenously determined to ensure
a lower bound for investment returns, even when all borrowers prepay.

Finally, future payments could be discounted considering idiosyncratic characteristics of potential
borrowers, with the aim of limiting prepayment risk. To this end, it is sufficient to ensure that agents

are more impatient than the implicit inter-temporal discount induced by the financial contract (see

Section 4 for a description of optimal payment strategies as functions of idiosyncratic factors).

3. EQUILIBRIUM EXISTENCE

The consideration of default and collateral requirements in our model allows to capture realistic
financial contracts in a general equilibrium framework. As it is well known, the absence of debt limits
may induce discontinuities on individual demands and, therefore, may compromise the existence of
equilibrium (cf., Hart (1975)). However, collateral requirements impose natural endogenous debt
limits as equilibrium debt is bounded by the market value of collateral guarantees. Therefore, in the
absence of financial participation constraints, it is possible to establish equilibrium existence without
imposing additional debt constraints or transversality conditions (cf., Geanakoplos and Zame (1997,
2002, 2007), and Araujo, Pdscoa and Torres-Martinez (2002, 2005, 2011)).

To prove the existence equilibrium in a model which includes incomplete financial participation,
we require that, for any prices, agents have available a positive amount of resources at any state
of nature (i.e., choice sets must have a non-empty interior). Two ways to ensure this property
have been proposed in the literature of classical two-period models of incomplete financial markets.
First, some authors assume that, for any price, every agent has access to a positive amount of

credit through all financial contracts, a property referred to as financial survival (cf., Angeloni and
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Cornet (2006), Aouani and Cornet (2009, 2011), Cornet and Gopalan (2010)).'? Second, Seghir and
Torres-Martinez (2011) assume that preferences satisfy an impatience condition that privilege first
period consumption.*?

Our main result below establishes equilibrium existence without imposing financial survival or
impatience conditions on preferences. We find an equilibrium allocation as a Cournot-Nash equilib-
rium of a generalized game. In this game, commodity prices are normalized to be non-zero vectors
and, therefore, individuals have positive available resources at each state of nature since endow-
ments are interior points of the consumption space. Although in the generalized game we impose
upper bounds on asset prices, we do not require an impatience condition on preferences as in Seghir

and Torres-Martinez (2011). The existence of a positive haircut between the collateral cost and the

amount of borrowing induces natural upper bounds on financial prices.

THEOREM 1. An economy & that satisfies the following assumptions has a non-trivial equilibrium.

(A1) For each h € H, U" is continuous, strictly increasing, and strictly quasi-concave.

(A2) Foreachhe H, (Wl :¢eD)eREE, with Wk = wl and Wl = wf + Y. W[, Ve > &.
(A3) Given (&,7) € DT, A¢;j: P — Ry is a continuous function.

(A4) Given (§,j) € D1 x J(&o), Be,; is continuous and satisfies Be ;(-) > Ag ;(-).

(A5) There exist £ € D and j € J(§) such that, for each commodity price p € REiL there is a

successor node p € &4 for which min{A,, ;(p,),||Y.Cp;ll=} > 0.

4. CHARACTERIZING PREPAYMENT RISK AND DEFAULT

Before analyzing more complex decisions, let us consider some simple characterizations of bor-

rower’s optimal payment strategies. Assuming that preferences are strictly monotone, we have that:

(1) At terminal nodes, all borrowers of a credit contract honor their commitments only if promises

are lower than the collateral value, i.e., Az ;(p, ¢, 7) < peCe ;.

(2) At an intermediate node £ € Dy, suppose that for some j € J(&y) the collateral value is lower
than the coupon value, p¢C¢ ; < A¢ j(p, ¢, 7). Then, the optimal strategy of any borrower of credit
contract j is to default at node £, because the associated collateral bundle could be consumed at a

lower cost by defaulting and buying back the collateral.

L2This assumption implies that, for any prices, agents have either a positive value of initial endowments or access

to a positive amount of credit. Therefore, they have a positive amount of resources available at each state of nature.

13In their theoretical framework, commodity prices are normalized to ensure that at every node agents are able
to obtain resources by selling their endowments. At the same time, asset prices are bounded from above to guarantee
the continuity of individuals’ choice set correspondences. Thus, the impatience condition is crucial to avoid frictions

associated with these upper bounds on asset prices.
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(3) Prepayment and default on a contract j € J(§y) coexist at a node & € D; only if these strategies
cost the same, B¢ ;(p, ¢, m) = peCe ;. Indeed, both decisions finalize the contractual commitment
and, thus, borrowers who want to conclude the contract before terminal nodes will always choose

the less costly.

(4) Given & € D; assume that B¢ ;(p,q,m) # peCe;. Then, some agents could pay coupon
while others could close the short position at & only if A¢ ;(p,q,7) < Bej(p,q,m) < peCe; or
Ae j(p,q,m) < peCej < Bej(p,q,m). In the first case, some borrowers of j may pay the coupon
while others prepay. In the second case, a negative equity mortgage, some borrowers may default
while others honor their promises maintaining the short position. We illustrate these possibilities

with a numerical example in the next section.

We now provide necessary and sufficient conditions inducing borrowers to close short positions be-
fore terminal nodes, either prepaying or defaulting. These conditions depend on observable market
variables and contractual characteristics. We begin with results that characterize optimal payment
strategies independently of the existence of alternative credit opportunities. More precisely, at each
intermediate node £ € Dy, if the cost associated with closing a debt position on j € J(&y) is lower
than the present value of commitments, then agents prepay or default on their j-debt. In addition,
if the cost of closing a debt is higher than the present value of future commitments, then borrowers
whose optimal behavior is not restricted by collateral constraints will pay the coupon and maintain

open the short position.

PROPOSITION 1. Assume (A1)-(A2), and that for all agents h € H, U™ : RP*L — R is continuously
differentiable. Let ((}3, 3,7, N), (Eh,gh,¢h,¢a’h,¢5’h)h€1{) be an equilibrium. For each h € H, let
(N*())nep be agent h’s Kuhn-Tucker multipliers associated with budget constraints.

Fiz (&,7) € D1 x J"(&) and h € H;(&) such that ¢?o,j > 0. Define

A (1)

Ao = =\ . s o\ — _ _
o (P, 4, 7) == min{Be ; (9,7, 7),pCe j} — | Aej(P:T,7) + Z /\T@Ru,j(p;QMT)

pegt

If <I>2J (p,q,T) <0, then agent h closes short positions on j at €.
If @?,j (p,q, ) > 0, then agent h reduces short-positions on j at & only when some collateral con-

straints induced by credit contract j are binding at &, i.e., E? ¢ RLF.

The previous proposition shows that agents close short positions when either prepayment or de-
fault cost is sufficiently low. The evaluation of the cost level associated to the early end of a financial

commitment depends of the degree of impatience of the borrower. To illustrate this idea, consider
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the following example, which follows the notation introduced in Section 2.

EXAMPLE. Assume that j € J"(&) is an adjustable rate loan, that there is no default in the last
period, and that the net real interest rate only depends on the time period.

Consider a backward-looking prepayment rule and let Q? be agent h’s equilibrium degree of

impatience at node £ € Dy, . Then, it follows from Proposition 1

1
1+g§ i+ /\h
that agent h closes short positions on j at & when ,Q5 is lower than the last-period rate of interest

ro. Alternatively, consider the forward-looking prepayment rule Be ; = A¢; + > p(pu)A,, ;. In
negt
this case, let us define g¢ by ﬁ = Z o ) . Hence, if 95 < 0¢, then agent h closes short

positions on j at . Therefore, independently of the availability of alternative credit opportunities,

(relatively) patient agents close short positions. O

Proposition 1 ensures that, when collateral constraints are not binding, underwater loans are
possible in equilibrium. Indeed, suppose that there exists a node £ € Dy such that, for some j € J(&)
_ _ _ S AP S
and h € H;(&) we have cpgo’j > 0 and Be ;(p,q,7) > peCe.j > Ae (D, q,7) + Zg+ )\h—((ngj(p, q,T).
ne
In this situation, if agent h demands autonomous consumption of all commodities used as collateral

by credit contract j, then the short position on this asset is maintained at &.

The existence of alternative credit opportunities at a node £ € D, may increase borrowers’ options
to close a debt on a credit contract j € J(&), a possibility that is particularly relevant when the
closing cost—min{ B¢ ; (P, q, 7), P C¢ j }—1is higher than the present value of commitments, computed
as in Proposition 1 by means of individual inter-temporal income marginal rates of substitution.

The following result shows that, if alternative credit opportunities are available, borrowers’ opti-
mal payment strategies are determined by comparing collateral margins and expected commitments

across debt contracts.

PROPOSITION 2. Assume (A1)-(A2), and that for all agents h € H, U" : RP*L — R is continuously
differentiable. Let ((ﬁ,q, f,N),(Eh,ah,¢h,¢a’h,@ﬁ’h)heH) be an equilibrium. Fiz (£,7) € Dy %
J"(&) such that Ve ;(p,q,7) = min{ B¢ ;(P,q, 7),P¢Ce j} — A (P, 4, ™) > 0. For each h € H, let
()\h(n))nep be agent h’s Kuhn-Tucker multipliers associated with budget constraints. Then, agent
h € H;(&y) closes short positions on j if there exists an alternative credit line k € J"(&) for which

C Ce.s q, 7
75,1@ < E’J, . and Z /\h uk (P, g, 7 Z )\h gi)
, i ( ) peet Qe k peet ‘I’EJ( p.q,7)

In this situation, agent h prepays debt j if and only if Be j(P,q,7) < DeCe j-

Consider a rental market for bundle C¢ ; at node £ € D;. That is, suppose that there exits a
credit contract k € J(§) characterized by C¢, = C¢ j and A, 1 (p,q,7) = p,Y,Ce j, at any p € £,
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— —h
Thus, given an equilibrium ((ﬁ7 7,7 N), (", 0 7¢h,¢°"h,¢ﬁ’h)h€H)7 some agents can rent C¢ ; by

paying pC¢ j — q¢ - An agent who maintains a short position on j, in addition to the consumption
of the associated collateral bundle (an action that could be implemented through the rental market)
receives at terminal nodes the excess of the collateral over the promise. Hence, closing short positions
on j and entering into the rental market is optimal only if the rental price of bundle Cg ; is lower
than the coupon value associated with j, i.e., peCe¢ ; — Q¢ s, < A¢ j(P,q, 7). Additionally, it follows
from Proposition 2 that, if U¢ ;(5,q,7) > 0 and the rental cost of C¢ ; is low enough, then an agent
who has access to contract k closes short positions on asset j. Indeed, it is sufficient that,

Z >\h (M)pﬂcu,]
et

B Z AR (N)R#,j (T), q, ﬁ)

pegt

PeCej — Qe < Ae;(0,0.7) + (PeCe,j — Ae; (0,7, 7)) | 1

Notice that, this condition implies that the second inequality in Proposition 2 is satisfied. Moreover,
as We ;(p,q, ™) > 0, the right hand side of the inequality above is lower than or equal to A¢ ;(p,q, T)
implying that the first inequality in Proposition 2 is also satisfied.

It follows from Proposition 2 above that the existence of attractive credit opportunities avoids
underwater loans in equilibrium. In this direction, and under the appropriate specification of credit
contracts, the finite horizon version of Araujo, Pdscoa, and Torres-Martinez (2011) is a particular
case of our framework.'*

Our previous propositions are based on individual income shadow values. However, under some

circumstances optimal payment strategies can be specified in terms of observable variables.

COROLLARY. Assume (A1)-(A2), and that for all agents h € H, UM : RP*E — R is continuously
differentiable. Let ((;T),a, ﬁ,ﬁ),(Eh,gh,ﬁh,ﬁa’h,aﬁ’h)heH) be an equilibrium. Fiz (£,7) € Dy X
J(&o) for which ¢ ;(p,q, ™) > 0. If the following conditions are satisfied,

?f,k S 0757];77 and (Ru,k(paQ77T)> < (Ru,j(p, 771-)) ’
q§>k \Ilgyj(p,q”n‘) %,k peet 77T)

then all agents h € H;(&) close their short positions on credit contract j at &.

14Indeed, given (&,7) € D1 x J(&o) suppose that there exists a debt contract k € J(§) with the same collateral
requirements and future promises as j, i.e., C¢ ;, = C¢ ; and R, ,x(p,q,q9) = Ru,;j(p,q,7), V(p,q,7) € P,V € £F.
Then, j-borrowers close their debt at £ when U, ;(p,q,7) < Q¢ and they would be indifferent if both magnitudes
were equal. Since Araujo, Pascoa and Torres-Martinez (2011) do not allow for liquidity contractions, the prepayment
cost is implicitly given by A¢ ;(,q,7) +q¢ k- Therefore, borrowers optimally conclude debt contracts at intermediate
nodes, defaulting if the collateral value ﬁEC&j is lower than the prepayment cost A¢ ;(P,q,7) + Te - Thus, their

model does not capture underwater mortgages.
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5. NEGATIVE EQUITY IN EQUILIBRIUM

The objective of this section is to illustrate the existence of differentiated optimal payment strate-
gies when agents face credit liquidity constraints, with a particular attention to the presence of
negative equity loans.

Thus, by means of an example, we show that in equilibrium we can observe: (i) prepayment of
debts in presence of cheaper credit options; (ii) prepayment without alternative access to credit;

(iii) payment of coupons, even for negative equity loans; and (iv) default on the original promises.

EXAMPLE. Assume that there is uncertainty only between ¢t = 0 and ¢t = 1. In t = 1 there are
three states of nature {u,m,d}. Thus, let D = {0,u,m,d,u™, m",d"} be the event-tree. There
is only one commodity which is perfectly durable between periods ¢t = 1 and ¢ = 2, and satisfies
Y., =Y, =0.5 and Yy = 9/22. At each node, the commodity price is normalized to one.

Credit contracts are issued at nodes {0, m} and are securitized into pass-through securities. One
unit of credit contract jg issued at & = 0 delivers g , to the borrower, which is burdened to
constitute a collateral of Cj ;, = 11/4 and has the commitment to pay coupons A¢ j, = 1 at nodes
€ #{0,m"} and A¢ j, = 2 at node £ = m™. The constituted collateral must be maintained through
the duration of the contract. Borrowers may prepay their debt at nodes & € {u, m,d} delivering
B j, units of the commodity, where (By_j,, Bm, jo, Baj,) = (5/4, 3/2, 5/4). Additionally, one unit of
debt contract j,, issued at node £ = m delivers g, ;,, to borrowers, who must constitute a collateral
Crm.j,, = 33/8 and commit to pay a coupon A¢ ;=1 at node & =m™.

Individuals can invest on securities associated with the pooling of credit contracts. The security
associated with credit contract jy is negotiated at every node in periods ¢ € {0,1} and distributes
payments made by borrowers. The unitary payment of security jo at node £ > 0 is denoted by N¢ j,.
The security associated with credit contract jy, is negotiated only at node m and delivers N+ ;
at node £ = m™T.

Agents h € {A, B,C?} are characterized by the following utility functions and endowments,

3 3 12 12 12 48

U0, Tus Tns Ty Tt s Tt > Tat) = T+ 21 %u + 21 %m + 21 %d + 06 Lu + o6 &m+ + g Lats

(wit, wit, wd wi wi el wik) = (3/2,0,0,0,0,0,0);

UB (20, Tu, Ty Ty Tty Tont s Tgt) = o + %xu + 21 %m + 22% + 96 Lu + g6 &m+ + 947633‘”;

(wég,wf,wﬁ,w?wﬁ,wﬁJr,wﬂ) = (2,1,1,1,0,0,1);

UC (20, Ty, Toms Ty Tt s Tont > Tgs ) = Lo+ —Ty + ixm + ixd + iqur + imer + Exd+;
24 24 24 96 96 96

c,c, c . c. c . C  C
(wg , Wy, Wy, W, W, Wy, wae) = (2,1,1,1,0,0,1).
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Allocations of consumption and financial positions are chosen so as to maximize utility subject

to budget constraints and portfolio restrictions defined in Section 2.

1
(3):(i03)
98 17 1 1)\,
821602 2

(
(
(@, 2d 2h o oA oA eh) = (9101713725)
-
- (35

An equilibrium for this economy is given by'®
((qO,jm mejm); (Wu,jo » Tm,jo » Wd,jo))

((Nudo?Nm,jov Na,jo, Nu+,jo7Nm+7jo’ Nd+,jo); Nm+7jm) =

Lo, Ly T Lg sy Lyt s Loyt T g+ ’ 87 4 2 )

B B B B B B B
(xO 1 Loy s Ty g vxu‘*"‘rm‘*'?xd'*')

133 33 9 25 25 9
4787878 878’ 8:>
11 31 29 _ 31 29
A2

(C @ © ¢ 9 7177777
8" 8

c C C
Loy Loy s Typyy g s & u+’$m+7$d+)

A: Maintains the investment.
B: Pays the coupon.
C: Prepays debt.

m A: Liquidates previous investment and buys
one unit of the new security. -
B: Prepays debt and sells one unit of j,.

C: Prepays debt.

A: Investsin two units of the security.
B: Sellsone unit of j,.

C: Sellsone unit of j,.

A: Maintains the investment. d*
B: Pays the coupon.
C: Defaullts.

Note that in Araujo, Pdscoa and Torres-Martinez (2011) the optimal actions of agents B and
C at node d could be equilibrium outcomes only if the prepayment and collateral costs were the
same. However, in our model, although the prepayment cost is 10/8 and the depreciated collateral
value is 9/8, liquidity constraints make these heterogeneous payment strategies compatible with
equilibrium.

Since marginal rates of substitution between two immediate successor nodes are measures of indi-

vidual impatience, agent A is relatively patient. Moreover, as agent A’s endowment is concentrated

15The individual optimality of these allocations has been verified through a simplex algorithm.
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at t = 0, A decides to invest in the first period. Agent B, who is more impatient than A between
t =0 and t = 1, and the most impatient consumer between periods t = 1 and t = 2, prefers to
borrow at t = 0. Agent C, who is as patient as A between the last two periods, is the most impa-
tient agent between periods ¢t = 0 and ¢ = 1 and, therefore, borrows resources at ¢ = 0 to anticipate
consumption.

However, between periods ¢ = 1 and ¢ = 2, B is more impatient than C'. Therefore, at node
u, where both borrowers could prepay their debts, B decides to pay the coupon and C' prepays.
Hence, even though agents have enough resources to prepay their debts, this decision depends on
preferences and endowments. Furthermore, if there are more convenient borrowing options, the
most impatient agents may prepay their debts and make use of these alternative credit instruments.
For instance, at node m, agent B prepays and issues the new credit contract.

We would like to highlight that agents do not necessarily default on their debt when the collateral
value is lower than the prepayment value (underwater mortgage). This decision depends on financial
markets’ liquidity and debtors’ wealth. For instance, since B is impatient, prefers to pay coupons
at d and d' rather than close the contract by delivering the collateral guarantee at d. Notice that
agent B maintains a negative equity as a consequence of the liquidity shrinkage, although incomplete

financial participation would have the same impact. O

6. CONCLUDING REMARKS

We propose a model of long-term loans backed by physical collateral, in which borrowers may
prepay their debts before terminal nodes. This model extends Geanakoplos and Zame (1997, 2002,
2007) theoretical framework to allow for long-term loans, liquidity contractions, and incomplete
financial participation. Without requiring financial survival assumptions or impatience conditions
of preferences, we prove existence of equilibrium and provide a theoretical characterization of optimal
payment strategies.

We show that, agents decide to close their debts before terminal dates—either prepaying or
defaulting—if closing a short position is less costly than the expected present value of commit-
ments. However, this condition is not homogeneous across agents and, hence, optimal payment
strategies depend on individual characteristics. Moreover, this decision also depends on financial
markets liquidity and on participation constraints. The absence of better credit opportunities makes
some individuals more prone to honor original commitments in order to maintain the consumption of
collateralized durable goods. That is, borrowers can react to liquidity shrinkages or to limited access
to credit by paying coupons of debt instead of closing short positions. Therefore, the lack of liquid-

ity or the presence of participation constraints could make it optimal for borrowers to honor their
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commitments even when the collateral value is lower than the prepayment value (underwater mort-
gage). We also provide a numerical example illustrating that optimal payment strategies—payment,
prepayment, and default—depend on individual characteristics and financial markets liquidity.

It is well known that, without liquidity contractions, collateral avoids Ponzi schemes and equilib-
rium exists in infinite horizon collateralized asset markets. Furthermore, the absence of asset pricing
bubbles on durable commodity prices avoids bubbles on collateralized securities (see Araujo, Péscoa,
and Torres-Martinez (2002, 2005, 2011)). As a matter of future research, we plan to extend these

results to our model with liquidity contractions, incomplete financial participation, and prepayment.
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APPENDIX

PRrROOF OF THEOREM 1. We construct a non-trivial equilibrium for our economy £ as a Nash equilibrium of
a generalized game G(Q) where abstract players choose prices and security payments, and agents maximize
objective functions by choosing allocations in truncated budget sets. The parameter Q is an upper bound

for financial prices, which is non-binding in equilibrium.

Spaces of strategies

In G(Q) prices are restricted to belong to A(Q) := (H&D\D2 AE(Q)) X (H§€D2 Ag) C P, where

L J J
Agy(Q) = {(p507q§o) eRY x R{ ¢ ||pg,ls =1 A ge, €0,Q) (&))};
2@ = {(pe,ae,me) € RE x RIO X RI® : pells = 1 A (ge,me) € [0,Q) O} ve € Dy

Ag

{pc €Y pellz =1}, ¥e € Dy;
and the upper bound @ is exogenously fixed and satisfies

> max max ||Ceills.
@> g e [[Cesll

Our equilibrium definition guarantees that there exists 2 > 0 such that, each collection of alloca-
tions (z",0", ", 0", "M hen € [1,epy X" satisfying (S¢)eep, and market clearing conditions (ii)-(iii)

is bounded from above by Q(1,...,1) € [[,cn X", Therefore, we assume that

ZHHWghllz
€ > 2 max }167
¢ep\Dy min [|C¢ ks
keJ(€)

Let X"(Q) be the set of allocations in X" such that its coordinates are lower than or equal to 2Q. Since
A(Q) is compact, Assumptions (A3)-(A4) and condition (iv) in the equilibrium definition guarantee that
the unitary security payments associated with traded debt contracts are bounded. Thus, there exists ® > 0
such that, for each traded debt contract j we have N, ; < ®, VYu € D : (u1,5) € DT. Hence, we restrict
security payments Ny ; to Ny ;(®) := [0, ®], Vj € J(§), Vi > & Let N(®) =T, ;e p+ Niui (P).

Players

The generalized game G(Q) has a finite number of players whose objectives are:

(7) Given a vector of prices and security payments ((p, g, ), N) € A(Q) x N (®), each agent h € H maximizes
the objective function U" choosing allocations in I'*(p, ¢, 7, N) N X" ().

(i3) Given allocations (z", 0", o™, p*" ©?")en € [hew X" (),

- A player chooses prices (pg,,qe,) € D¢, (@) to maximize

h o h h _ah h h h
Peo Z (Cfo (", ", o™") — w&o) + Z 4¢o,j Z Oco,; — Z ¥eo.g
heH JEI(€0) heH heH; (£0)
- For each £ € Dy, a player chooses prices (pe, qe, 7¢) € A¢(Q) to maximize

h/ h h ah h h h h _a,h
PéZ(Cs(%@,s@ ) —we = Yecg, (27,97, ¢ ))
heH
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IR DDUIERD DI ¥ B wg,jZ(HQ,j—OQO,j)A

eI heH heH; (€) jeJ(€o)  heH

- For each £ € Do, a player chooses ps € A¢ to maximize

V43 Z (Cg(xha Sohv (Pa’h) - w? - }/ECZ— (xha Soh7 <Pa’h)) .
heH
(ii7) Given ((p,q,7), (a", 0", ", ™", " "ner) € AQ) X [Theny X" (),
- For each (u,j) € D1 x J(&), a player chooses N, ; € [R,.;(p,q,7), ®] to maximize

h a,h Jh ,h
| Nus D ehi— > (Aw(p, 0, ™) + B i(p, ¢, 7)ot + puCu ol ))
h€eH ;(&o) heH;(£o)

- For each (u,5) € D2 x J(&), a player chooses N, ; € N, ;j(®) to maximize
2

h h,a
| Nus D wees —Ruileam) Y e

h€H;(£o0) h€H;(£o0)

- For each (y,j) € Da x J(€), a player chooses N, ; € N, ;(®) to maximize — (N, ;j — R,.;(p,q,7))°.

A vector ((ﬁ,q,f,ﬁ),(Eh,5h7¢h,¢°"h7¢5‘h)h€}1) € AQ) x N(®) x []en X"(Q) is a Cournot-Nash

equilibrium for the generalized game G(Q) if it solves all the problems above.

Existence of Cournot-Nash equilibria for G(Q)

Under Assumptions (A1)-(A4), each player in the generalized game G(Q) has a continuous correspondence
of admissible strategies, with non-empty, compact, and convex values. Also, players’ objective functions are
continuous and quasi-concave on their own strategy. Since A(Q) x N(®) x [],cpn X"(Q) is non-empty,
convex, and compact, Berge’s Maximum Theorem guarantees that best-reply correspondences are upper
hemicontinuous and have non-empty, compact and convex values.

Applying Kakutani Fixed Point Theorem to the set-value mapping which associates to each z € A(Q) X
N(®) x HhEH xh (©2) the cartesian product of players’ best-reply strategies to z, we obtain an equilibrium
for G(Q).

From Cournot-Nash equilibria of G(Q) to non-trivial equilibria of €
Let ((ﬁ7 g, 7 N), (Eh,gh,Eh,¢a’h7¢ﬁ’h)heH) be a Cournot-Nash equilibrium for G(Q).
‘We have that,

h/—h —h —a,h h _ _ . .
(1) Y@ P <Y WE = G, <PCey VEED\Da, Vi€ J(E);'°
heH heH
16Fix ¢ € D\ D2 such that Yoher c?(i’ﬂ@h,@l’h) <Xhen Wgh and assume that, for some j € J(€), P¢Ce¢ j < Qe ;-
The strict monotonicity of preferences (Assumption (Al)) implies that, for every player h € H;(§), E?j = Q.
Otherwise, player h could increase U" without any additional cost, by increasing the short-position on j at node
&, consuming the associated collateral, and defaulting on this additional short-position at the successor nodes of

€. Therefore, it follows that Q|Ce ;g < ICeills Xhem, e e, < theH cg(ih,¢h,¢a’h)HE < Shen IWels,

b HWthz
which contradicts the fact that @ > 2 max —S2L |
£€D\ D> kén}?g) Hcg,k”):
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—h —h _ _ )
(2) > 0y <> 0c; = Te; <PCey, VEED,VjE (&)
heH heH

Therefore, if there is no excess of demand in physical market at a node £ € D\ D2, then upper bounds on
credit contract prices are non-binding at this node, i.e., for any j € J() we have that g, ; < Q. Analogously,

if there is excess of demand for security j € J(&) at £ € D1, then Te ; < Q.

Notice that, for each agent h € H the allocation (Z", 7" 7", 7" 77" belongs to I (p, 7,7, N) N X" (Q)

and, therefore, it satisfies inequalities (B,).., and (S;) . Hence, adding restrictions (B, ) across agents,

§eDy

we conclude that the objective function of the player who chooses (ﬁﬁo’gﬁo) has an optimal value less than
or equal to zero. Since (P, ,qe,) € Ag,(Q), this implies that
h (—h —h —a,h i —h

Z (cﬁo(x , P 7900 ) wﬁo) <0, Z 950 < Z Peo '

heH heH hEH (&0)
Hence, for each agent h, (Ego , 520 , @20) <Q(1,...,1). That is, upper bounds on individual allocations chosen
at &o are non-binding. For this reason, monotonicity of preferences implies that both p, > 0 and budget
constraints at & are binding. We conclude that the equilibrium value of the objective function of the player
who chooses @5 0,650) is zero, which in turn implies that commodity markets feasibility holds at &, and, for

. —h —h _ —h —h
each Vi S J(fo), hZH 6501j S Z ¢§07j7 q&)’j (hz 950 i Z @507j> = 0.
€

heH; (€0) € " heH;(&)
Fix an intermediate node £ € D;. The definition of ® guarantees that, for each j € J(&),

—h — — a,h —pB,h
> B =D (Aa,j(p,% T)@e ) + Bej (5, T)PL S + PeCe ; (Pe,; — Pel —wfj))-
he€H;(&o0) h€H;(&o)

From this identity, adding (B,) across agents and given that 3 @20 < 3 @20, we get
heH he H; (£0)

_ h/—h —h —ah h h —h —ah
ng(Cé(w )P 7(po¢ )_wE_Yﬁcfo( P a ))

heH
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Therefore, as in &, upper bounds on individual consumption allocations are non-binding at £. Hence, the
monotonicity of preferences ensures that p, > 0 and that budget constraints at { are satisfied with equality.

Furthermore, for any j € J(§) we have that > 52} < ¥ @,?’j, otherwise g, ; = Q which contradicts
heH heH; (&)

(1). Analogously, it follows from condition (2) that, for every j € J(&) we have that h%:H (EQJ — g?o,j) <o.

TFix ¢ € Dy and j € J(&) such that 3 520,3' < > 5?7]‘. Then, there is at least one lender of security j at
heH heH

node §. On the other hand, if T¢ ; > p.Cg ;, agents prefer to buy bundle Cf¢ ; instead of investing on security j.

A
Indeed, buying C¢ ; provides future payments greater than or equal to security j’s deliveries and, at the same time,

allows to consume Cg¢ ;. Therefore, the existence of long positions on j at node £ implies that T ; < ﬁgcaj.

I81f there exists excess of demand in a commodity market [, then the player who determines prices at & can make
his objective function positive by fixing asset prices to zero and concentrating commodity prices on [, i.e., setting
p; = 1. Thus, there is no excess of demand in commodity markets. Hence, if there is some credit contract j € J(&o)

with excess of investment, the player who chooses prices will make g ; = @, which is a contradiction.
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Thus, at node £ commodity markets feasibility conditions hold and

Z?ng Yo By Ty Zgg,j* > @] =0 VieJ©),

heH heH, (€) heH hEH;(€)
—h —h _ —h —h .
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Fix a terminal node £ € Ds. Analogous arguments to those made above guarantee that, for each

Jje€ ’](5_), Nﬁ»] = R&j(ﬁa:ﬁ)- AISO, for each Je€ J(go)v

Z (‘Oﬁoj—REJ p,q,T Z *O‘h

hEH (¢0) h€Hj(&o)

Hence, inequalities 057 e < Z 9507,{: < ¥ gog , and Z 95 > EZ, ;» which hold for
heH h€H;(£0) heHj(éf) 7

any (k,j) € J(&) x J(§7), guarantee that after adding (BE) across agents we get that,
Py (€@ 77" —wl — Yec, @ 7" 7™") <.
heH
Since pg € Ag, there is no excess of demand in commodity markets at ¢ and, hence, upper bounds on indi-
vidual allocations chosen at £ are non-binding. We conclude that commodity markets feasibility conditions
hold at £ and that p, > 0.

Therefore, p > 0 and commodity market clearing conditions hold at D.

Given £ € D\ Dz and j € J(§), Npu,; > Ru;(p,q,7), Vi € €. Since p > 0, Assumption (A5) guarantees
that there exists at least one security with non-trivial payments. Moreover, for each security with non-trivial
payments, the market clearing condition holds at the emission node. Otherwise g, ; = 0, a contradiction
with the strict monotonicity of preferences and the fact that upper bounds on optimal individual allocations

are non-binding. Therefore, for each £ € D\ Dy and j € J(§) such that (Nu;)u>e # 0, we obtain
—h _

Y 0= 3 Tey

hEH

heH, ()

If for some £ € D and j € J(§), > gg,j < > ¢2j7 then g, ; = 0 and (N, ;)u>e = 0. Therefore,
heH heH; (&) ’

. L . —h .
maintaining optimality, we can substitute 0 ; with

. ¢Q,j7 for any h € H;(&o);
&3
0, otherwise.

Also, if there exist (i, j) € D1 x J(&) for which ) (?ZJ- - 520,]-) < 0,then 7, ; = 0and (N¢ ;)eep, = 0.19
hEH

. —h . —h . R . .
Therefore, we can substitute 6, ; with @,j := 0¢,,; maintaining optimality. After these modifications,
financial market clearing conditions hold.

Furthermore, these substitutions guarantee that, for each £ € Dy and 5 € J(&),

-_— —h — —a,h —pB,h
Nes Y Ocoi= (Ag,j(p, 0,7 + Be,i (0,0 T)Pe. + PeCei(Bey; — Pey — Pes )) :
heH hEH;(€0)

9This may be a consequence of debt prepayment.
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Also, for each £ € Dy and j € J(&), we have

— —h Zoh
Nej Y 0cy;— Re (0,7 ». @ =
heH heH (§0)
It follows that ((79, 7,7 N), (@, 0", 5", 5" Eﬂ’h)heH) satisfies conditions (ii)-(iv) in our equilibrium
definition, with at least one security with non-trivial payments.

Therefore, to ensure that ((ﬁ, g, 7, N), (Eh,é\h,ﬁh,aa’h,ﬁﬁ’h)h@g) is a non-trivial equilibrium for £ it

h h —a,h B,h)

= (@, 0", 7", 7" P
h

in Fh(ﬁ,q, 7, N). Suppose by contradiction that for some h € H there exists another allocation z" :=

is sufficient to show that, for each h € H the allocation Z is an optimal choice

(Eh,5h7g5h,$a’h7@5‘h) S I‘h(ﬁq,ﬁ,ﬁ) such that,

(G I B (G I )

Since z" is in the interior (relative to &) of I'"(p,q, @, N) N X"(Q) and U" is strictly quasi-concave,
there exists A € (0,1) such that, (zf,0%, %, 3", gh) = 22" + (1 - V2" € T"(p,q,7 N) N X"Q)
and U" ((c]g(xﬁ,cp’;,gof\y’h))ge ) >Uh (( @, 3", 7> ))geD) , a contradiction.

Therefore ((;E g,7 N),(@" ,9 vt ,Eﬁ’h)heH) is a non-trivial equilibrium for £. O

PROOF OF PROPOSITION 1. From Arrow and Enthoven (1961), the usual Kuhn-Tucker conditions are
necessary for optimality. From the partial derivatives of agent h’s Lagrangian function with respect to fg
and @Z’jh we obtain,

"0?,;‘ + Vghcs,j - 77?,’]-}1
AR (E) '

PeCes = AR+ Y R, ) +
pg ¢3 = Agi\pP,q, T )\h(f) w,g\P, g, T
neET

where m?]— > 0 is the Kuhn-Tucker multiplier of constraint gog g b gog J < @50 3 1/,? € ]RL is the vector of
multipliers associated with > 0, and 7]? "> 0 is the multiplier of the non-negativity constraint of @‘g Jh.
From this condition, and using the partial derivative of agent h’s Lagrangian function with respect to @55
we have,
h
ngy +veCe — e
A™(E) ’

A ()
M ()

Rll«’j (p7 q? f) +

Be,j (9,4, T) = Ae,; (5,0, T) +
pegt

where 77 "> 0 is the multiplier of the non- negativity constraint of goB " Thus, we obtain that,

. vECe; —ngl min{nll kg }
P = e 3 (©

Therefore, @27]- (P, g, ™) < 0 implies that 7’ "> 0. Thus, when <I)§ ;(P,q, ™) < 0 agent h closes short positions
on j at £&. On the other hand, suppose that <I>§,j (P,q,7) > 0 and that collateral constraints of credit contract
j do not generate frictions on agent h’s optimal decisions at &, i.e., z/g1 = 0. Then, min{ng’jh,mgj} > 0.

Hence, both cpg’ =0 and <p§J + @ 905 = ¢§0 ;» implying @?”Jh = @Zo’j. O

PROOF OF PROPOSITION 2. Assume that for some debt contract k£ € J(§) conditions above hold. Suppose

that, after issuing @?o,j units of j at &, j-borrower h maintains a position ¢Z’jh € (07¢?o,j] at node &.
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Therefore, h should pay A¢ ;(D,7q, f)Eg‘jh, consume the collateral bundle C&J&?”jh7 and deliver a payment

R, ;(P,q, ﬁ)@?”jh at each terminal node p € €. It can be shown that this strategy is not optimal.

Indeed, consider the following alternative: agent h closes the short position @Z‘Jh and trades @k@?f
units of debt contract k, where @) = %. There is no additional cost at &, i.e., V¢ ;(P,T, ﬁ)@?y’jh -

qg’k@kag‘:jh = 0. Since %—‘: < %, the original consumption bundle at & satisfies agent h’s new
collateral requirements. Finally, the new payments at terminal nodes imply that the Lagrangian function

increases, as Y. M'(u) (R (5,3, 7) — Rux (B, G, f)@@@?]h > 0.

peet
Hence, any strategy that maintains open a short position on j at £ is not optimal. O
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